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Ground state of a dipolar fluid film

Mark Gross
Department of Physics and Astronomy, California State University, Long Beach, California 90840

~Received 8 June 1998!

The ground state of a simple dipolar fluid film is approximately determined as a function of the sample
thickness and the volume fraction, for low volume fraction. A model involving analytic and numerical analysis
is employed. The body-centered-tetragonal internal structure is found to be consistently lower in energy than
face-centered-cubic. In the absence of polydispersity, the ground-state columns are approximately square in
cross section. Interestingly, reflection symmetry breaking occurs due to the repulsion of the bound charges at
the ends of the columns. A transition to a ‘‘stripe’’ phase is seen at higher volume fraction. The possibility is
raised that the columnar structures seen in magnetorheological fluid experiments are far from equilibrium.
@S1063-651X~98!01511-6#

PACS number~s!: 68.15.1e, 61.20.Gy, 75.70.2i, 83.80.Gv
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I. INTRODUCTION

One of the most interesting features of dipolar fluid s
tems is the richness of structures which can form, includ
chains, columns, and labyrinthine patterns. Columnar st
tures, in particular, are found at low volume fraction in ele
trorheological, magnetorheological~MR!, and ferrofluid sys-
tems. The spacing and size of the columns can o
interesting scaling relations, although the scaling expone
appear to depend on certain details of the system@1–5#. The
dynamics of column formation@6,7#, particularly at very low
volume fraction, are still not well understood. Even the
teraction between two chains@8–11# turns out to be more
complicated than was previously believed@12#, at both zero
and finite temperature.

Given the difficulty of carrying out a complete theoretic
analysis of structure in dipolar fluids based on anything cl
to first principles, it is sensible to first address the most ba
questions. Here we consider a model dipolar fluid witho
polydispersity and try to obtain information about the grou
state. Rather crude approximations are made in order to
multaneously analyze the internal and external structure
the columns at low volume fraction. Accordingly, we co
sider this merely a first step toward more realistic calcu
tions of structures at zero and finite temperature, in mo
and more realistic dipolar fluids, in equilibrium, and as
function of time.

Our study can be motivated from another point of vie
Experiments on dipolar fluids are plagued by metastab
and ‘‘aging’’ phenomena@13#. Thus there are question
which might be more easily attacked by a theoretical rat
than an experimental approach. For example, the true gro
state of a dipolar fluid is very difficult to determine expe
mentally. The system may get trapped in states which are
representative of the equilibrium phase. This is known to
the case at high volume fraction, and/or large sample th
ness, and/or fast field ramping rates@14,15#. But it may also
be the case at low volume fraction, modest sample thickn
and slow field ramping rates as well. Such would be the c
for example, if small columns were unable to coalesce i
larger ones due to potential energy barriers. Determining
equilibrium state in such a case is not easy theoretically
PRE 581063-651X/98/58~5!/6124~10!/$15.00
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ther, as one must cope with extremely rough potential ene
landscapes. Still, in some cases the theoretical approach
seem somewhat more tractable. For example, one can
lytically or numerically vary the column size and search f
the one which minimizes the energy@4#. In such a way, one
may hope to eventually determine which experimental
sults describe equilibrium phenomena and which are m
festations of metastability.

II. MODEL

A typical dipolar fluid column can easily consist of man
thousands of dipolar particles. The columns, as well as
particles, exhibit long-range interactions, and so a seri
numerical simulation designed to predict structure and
evolution from something close to first principles could ea
ily require many millions of configuration updates, each
which requires computing billions of interactions betwe
millions of particles. While impressive progress has be
made along these lines@16#, we are compelled by pragma
tism and a desire to gain more physical insight, to consi
models of structure in dipolar fluids. Many researchers h
considered continuum models@1,4,17#, and with significant
success. But such models do not allow access of the inte
structure. For example, whether columns are made up of
ticles in an approximately body-centered-tetragonal or fa
centered-cubic structure is not a question which can be p
erly addressed in a continuum approach. Rather, in s
models one is forced to treat quantities such as binding
ergy and surface tension in a phenomenological manner
ting free parameters to experiment. While this is a useful a
productive approach, here we consider an alternative lin
attack in which the internal structure is accessible and th
are no free parameters at all.

We now motivate and describe our model with which w
try approximately to calculate the ground state of the s
plest dipolar fluid film. By ‘‘ground state’’ we refer to the
equilibrium state of the system atl→`. l is the ratio of the
maximum dipolar interaction energy of two particles to t
thermal energy scale,kBT. By ‘‘the simplest dipolar fluid,’’
we mean that all the particles will be taken to be spheri
with the same radius and the same dipole moment~magni-
6124 © 1998 The American Physical Society
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PRE 58 6125GROUND STATE OF A DIPOLAR FLUID FILM
tude and direction!. ~Experimentally, this situation could b
approximated using large superparamagnetic particles, i
external magnetic field is applied which is strong enough
that their induced magnetic moments reach saturation.! By
‘‘film’’ we mean that the sample thickness in the magne
moment~vertical! direction is finite, typically on the order o
hundreds of particle diameters, but the other dimensions
effectively infinite. We do not include mechanical forces a
sociated with the interface between the sample and
boundary. Of course we admit that common laboratory flu
such as ferrofluids and MR fluids are more complicated t
this. Yet we hope with this line of inquiry to eventuall
uncover some general truths of dipolar fluids which do
depend on their detailed and unique characteristics. At
least we hope to learn to ask the right questions. We a
would like to build up our theoretical repertoire by startin
with the most tractable situation.

To formulate the model, we are guided by results of e
periments on somewhat similar systems, such as ferrofl
and ferrofluid emulsions@1–3#. In the ground state, at low
volume fraction, we expect the columns to be identical a
arranged in a perfectly hexagonal array. For the inter
structure of the columns, we consider both body-center
tetragonal~bct! @18–21# and a closed-packed, face-centere
cubic ~fcc! structure@22#. Theoretical@18–20# and experi-
mental @21# evidence has been given that bct is t
approximate ground-state internal structure for ER fluids
which the conductors at the boundary generate image dip
out to infinity. Although we are more interested in the ma
netic analog and therefore use no such boundary cond
here, we should still expect that for a large enough sam
thickness, bct will be the approximate ground-state inter
column structure. We must point out that the exact grou
state internal structure of modest-sized columns canno
expected to be exactly bct. An analog may be seen in
study of finite ionic clusters@23#. It is known that in the limit
of an infinitely large ionic cluster, the bct structure has t
lowest energy. However, it turns out that extremely lar
clusters are required before the structure becomes bct. S
larly, we must recognize the limitations of our consideri
only the bct and fcc internal structures for finite columns
dipolar particles. We hope to relax this limitation in a su
sequent study.

FIG. 1. ~a! An ‘‘exploded’’ side view of the bct structure. Par
ticles within a chain are actually in vertical contact.~b! The view
from the top, after a rotation of 45°. In this paper, all distances
given in units of the particle diameter.
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Figure 1~a! shows an ‘‘exploded’’ side view of the bc
structure, which can be formed from chains of spherical p
ticles invertical contact. The chains are then packed togeth
laterally. Figure 1~b! shows the exploded view from the top
after a rotation of 45°. The shaded circles represent ch
which are vertically shifted by a particle radius with respe
to the chains represented by unshaded circles. The dist
between nearest-neighbor chains is)/2, in units of the par-
ticle diameter.In this paper, all distances will be given in
terms of the particle diameter.

An exploded side view of a closed-packed fcc structu
@22# is shown in Fig. 2~a!, where three shaded chains co
sisting of face-centered particles have been left out for cla
of view. The dimensions of Fig. 2 are uniquely determin
by requiring the particles to be in contact. Compared to
bct case, lateral packing has been increased at the expen
vertical packing: neighboring particles within a chain have
41% gap in the vertical direction but chains are about 1
closer to their neighbors than in the bct structure of Fig. 1
Fig. 2~b!, as in Fig. 1~b!, the shaded circles represent chai
which are vertically shifted with respect to the chains rep
sented by unshaded circles. In the fcc case the shift is&/2.
Note that the pattern of chains looks qualitatively the same
Figs. 1~b! and 2~b!. This suggests that the only way to un
ambiguously distinguish these two structures by microsco
means~for example by freeze fracturing! would be to mea-
sure distances. The energy per particle for an infinite
structure~Fig. 1! is smaller than the energy per particle f
an infinite fcc structure~Fig. 2!, but by less than 3%.

As we have discussed above, the individual partic
present a formidable number of degrees of freedom to c
tend with, and so in our model we take the elementary
grees of freedom of our model to be uniform chains. The
chains are assumed to be symmetric about the midplan
the sample. They are allowed to contain any number of p
ticles up to the maximum number consistent with the bou
ary conditions and the lattice structure. For example, if
sample thickness is 64~in units of the particle diameter!, we
allow the chains at ‘‘even’’ positions@represented, say, b
the unshaded circles in Figs. 1~b! and 2~b!# to contain
0,2,4, . . . ,64particles, whereas the ‘‘odd’’ chains can co
tain 0,1,3, . . . ,63particles.

To find the ground state, we develop expressions for
approximate energy of any configuration. These are give
the next section. The approximation is quite accurate at

e

FIG. 2. ~a! Exploded side view of the fcc structure with thre
shaded chains of particles left out for clarity of view.~b! The view
from the top.
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6126 PRE 58MARK GROSS
volume fraction. We then use the method of simulated
nealing to numerically minimize the energy and thereby
termine the corresponding approximate ground-state c
figuration. A configuration is defined by where the chains
and the number of particles in each. Tapering of the colum
occurs if the chains on the boundary have fewer partic
than those near the center of a column. There is no nee
put in a surface tension term by hand with a coefficient to
fitted as in continuum models. The different environment
the particles on the boundary of the columns effectively
duces such a term in a natural way.

We found that there were many nearly degenerate l
energy states and it was therefore difficult to obtain the ‘‘e
act’’ ground state~within the context of our model and ou
approximation of the energy of a configuration! for sample
thicknesses larger than about 64. However, by perform
runs with different maximum lateral sizes and shapes
comparing the lowest energy from different runs, we we
able to determine a close approximation of the ground st
within the context of our model, even for much larger sam
thicknesses.

III. ENERGY OF A CONFIGURATION

We now explain how we approximated the energy of ea
configuration. To keep things simple, we will derive expre
sions only for the bct internal structure. The energy expr
sions for a fcc configuration require minor rescalings of
formulas given below, associated with the different spaci
in the vertical and lateral directions.~See above.! Expres-
sions are simplified by using ‘‘natural’’ Gaussian units@10#,
which are just Gaussian units in which the dipole mom
and the particle diameter are taken to be 1.

Let U be the energy per column. Recall that all colum
are assumed to be identical in the ground state.U can be
compartmentalized into three terms,

U5U intra1U inter1Ucol . ~1!

U intra is the intrachain energy associated with the partic
within each chain of a column,U inter is the interchain energy
obtained by summing up contributions from each pair
chains within a column, andUcol is the interaction energy
associated with one column and all other columns out
infinity.

Consider a uniform chain consisting ofN particles in ver-
tical contact. Call the internal energy of such a cha
uintra(N). Summing over all chains which make up a colum

U intra5 (
chains

uintra~N!,

where
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uintra~N!5 (
m.n

2
2

um2nu3
522 (

l 51

N21
N2 l

l 3 .

uintra50 for N51. ForN.1,

uintra522.404 113 806 319 19N1
p2

3
2

1

N
1

1

6N3 2
1

10N5

1
5

42N7 2
7

30N9 ,

to better than 0.01% accuracy.@The coefficient ofN is
22z(3).# For a fixed volume fraction and sample geome
the ground state minimizes the total energyper particle. As
uintra/N is a monotonically decreasing function ofN, the
intrachain term attempts to make the chains~and therefore
the columns! as long as possible, and so reduce tapering

Now we turn toU inter, the interaction energy associate
with chains within a column. We may write this as a su
over pairs of chains within the column,

U inter5
1

2 (
iÞ j

uinter~Ni ,Nj !,

whereuinter(Ni ,Nj ) is the interaction energy associated wi
chains i and j which containNi and Nj particles, respec-
tively. The energy associated with a pair of infinite, parall
uniform dipolar chains has been known for a long tim
@18,12#. The corrections for the case of finite length chains
approximately the same length have also been calcul
@10,11#. We now extend those calculations to chains of p
tentially quite different lengths, but with midpoints in th
same lateral plane, the midplane of the sample. Such is
case for the model discussed above.

Let the two chains haveNi andNj particles, respectively
and be a distancer apart in the lateral direction. Label th
dipoles of chain 1 asm51,2,. . . ,Ni , and chain 2 asn
51,2,. . . ,Nj . Let N̄[ (Ni1Nj )/2, dN[ (Nj2Ni)/2, ands

50 if N̄ is an integer ors51/2 if N̄ is half-integral. The
interaction potential is

uinter5 (
m51

Ni

(
n51

Nj r222~n2m2dN!2

@r21~n2m2dN!2#5/2

5 (
l 52`

`
r222~ l 2s!2

@r21~ l 2s!2#5/2„N̄2max~ udNu,u l 2su!…

22(
l 5N̄

`
r222l 2

~r21 l 2!5/2„N̄2max~ udNu,l !….

Note that the last sum is over half-integers ifs51/2. Using
the Poisson summation identity on the first term and
Euler-MacLaurin formula on the second, we obtain an a
proximation which is quite accurate forN̄@1,
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uinter' (
m52`

`

E
2`

`

dx
r222~x2s!2

@r21~x2s!2#5/2„N̄2max~ udNu,ux2su!…e2p imx22E
N̄

`

dx
r222x2

~r21x2!5/2 ~N̄2x!

52E
0

N̄
dx

r222x2

~r21x2!5/2„N̄2max~ udNu,x!…12 (
mÞ0

cos~2pms!E
0

`

dx
r222x2

~r21x2!5/2„N̄2max~ udNu,x!…cos 2pmx

5
2

A~dN!21r2
2

2

AN̄21r2
14 (

m51

`

cos~2pms!E
0

`

dx
r222x2

~r21x2!5/2~N̄2udNu!cos 2pmx

24 (
m51

`

cos~2pms!E
udNu

`

dx
r222x2

~r21x2!5/2~x2udNu!cos 2pmx

5
2

A~dN!21r2
2

2

AN̄21r2
14~N̄2udNu! (

m51

`

cos~2pms!~2pm!2K0~2pmr!

24 (
m51

`

cos~2pms!E
udNu

`

dx
r222x2

~r21x2!5/2~x2udNu!cos 2pmx.

The last term turns out to be numerically quite small for physical values ofr ~order 1 or bigger!. Dropping it, and making a
large 2pr expansion in the second-to-last term,

uinter~Ni ,Nj !'
2

A~dN!21r2
2

2

AN̄21r2
1

8p2

Ar
min~Ni ,Nj !e

22prF ~cos 2ps!S 12
1

16pr
D 1~cos 4ps!2&e22prG . ~2!
.
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This approximation touinter is typically accurate to within a
few percent, even for chains which are in lateral contact

There is a physical interpretation of the result. The fi
two terms represent the four monopole-monopole inter
tions associated with the bound charges at the ends of
chains. The denominators are the distances between the
of monopoles. The third term gives the approximate corr
tion to the interaction energy associated with the discr
nature of the chains. We recognize this term as a minor g
eralization of the corresponding term for the case of t
equal length chains@10,11#. The only substantive differenc
is that the common length of the two chains has been
placed by their overlap, min(Ni ,Nj). Equation~2! also con-
tains a better approximation to the sum over Bessel funct
than given in Refs.@10,11#, so as to provide a reasonab
accurate approximation for chains which are in lateral c
tact.

What are the physical effects of the terms in Eq.~2!, as
regards the ground state of the system? The third term
responsible for the binding energy within columns. It a
tempts to increase the column thickness and reduce its ta
ing. ~The column thickness should not be confused with
sample thickness. The former refers to the spatial exten
the column in the lateral direction, whereas the latter is
extent of the sample in the dipolar orz direction.! On the
t
c-
he
airs
-

te
n-
o

e-

s

-

is
-
er-
e
of
e

other hand, the first term, which dominates over the sec
term for nearby chains, tries to widely distribute the ends
the chains. We therefore expect it to attempt to reduce
thickness of the columns and to taper them, in order
spread out the bound surface charge as much as poss
The second term serves to limit the range of the first term
converting the interactions between chains from monopo

monopole to dipole-dipole at distancesr;N̄.
Finally we discuss the column-column interaction. W

work in the low volume fraction regime in which the dom
nant interactions are between the bound monopole charg
the ends of the chains which make up the columns. We
nore the other terms, which fall off exponentially with th
distance between the columns. Consider the pairs of mo
pole charges associated with two columns whose centers
a distancer apart. For some, the lateral separation is furth
apart thanr, whereas for others it is closer. For low volum
fraction we simply approximate all pairs to ber apart in the
lateral direction. We also take the vertical (z) coordinate of
the upper end of each chain equal to the average over
upper ends of all the chains which make up a column, a
similarly for the lower ends. In this way, assuming a hexag
nal pattern of columns as discussed above, we obtain
following crude approximation for the column-column inte
action energy associated with any particular colum
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Ucol'
Nc

2

2
(

~m,n!Þ~0,0!
S 2

umrW 11nrW 2u
2

2

AumrW 11nrW 2u21~Np /Nc!
2
D , ~3!

whereNp andNc are the number of particles and the number of chains in a column, respectively, so thatNp /Nc is the average
chain length of each column. Also

rW 1[dS)2 ,
1

2D and rW 25d~0,1!,

whered is the distance between nearest-neighbor columns. Note that we have summed over all pairs of columns out to
to deal appropriately with the long-ranged column-column interaction.

Equation~3! can be rewritten as

Ucol'
Nc

2

d
SS Np

dNc
D , ~4!

where

S~r ![2 (
m50

`

(
n51

` S 1

Am21n21mn
1

1

Am21n22mn
2

1

Am21n21mn1r 2
2

1

Am21n22mn1r 2D . ~5!

For r !1 we can expand the summand inr to obtain

S~r !' (
m50

`

(
n51

` H r 2F 1

~m22mn1n2!3/21
1

~m21mn1n2!3/2G2
3r 4

4 F 1

~m22mn1n2!5/21
1

~m21mn1n2!5/2G
1

5r 6

8 F 1

~m22mn1n2!7/21
1

~m21mn1n2!7/2G J 'r 2~5.517 08822.535 71r 211.936 01r 4!.

For r @1, we use a variety of analytic and numerical methods to eventually obtainS(r )' 4pr /)24.213 4231 1/r , where we
have neglected terms which are exponentially small inr .

It is easy to check that the large and smallr approximations overlap nicely in a region nearr 50.67, intersecting atr
'0.669 23. Thus we can use the smallr approximation forr<0.669 23 and the larger approximation forr .0.669 23:

S~r !'H r 2~5.517 08822.535 71r 211.936 01r 4!, r<0.669 23

4pr

)
24.213 4231

1

r
, r .0.669 23.

~6!
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The crossover is quite smooth and the function is monoto
cally increasing for allr . The maximum disagreement wit
the exact sum~5! is at about the 2% level.

The volume fraction,f, is of course related to the dis
tance between nearest-neighbor columns,d. For a hexagona
array of columns,

f5
pNp

d2tA27
, ~7!

whereNp is the number of particles in a column andt is the
sample thickness. Inverting Eq.~7!,

d5A pNp

ftA27
50.778ANp

ft
. ~8!
i-Together, Eqs.~4!, ~6!, and ~8! provide an approximate ex
pression for the column-column interaction energy asso
ated with each column, for any configuration in our mode

As discussed above, the ground state minimizes the
ergy per particle for fixed volume fraction and sample geo
etry. An examination of the column-column interaction e
ergy per particle using the expressions above shows that
minimized by maximizingNp /Nc and Nc . In order words,
this interaction strives to increase the lengths of the cha
and the number of chains in each column. It pushes the
tem in the direction of columns of maximal length, maxim
thickness, and minimal tapering.

Taken together, we can see that the various terms wh
determine the energy of a configuration are in opposition
provide a rather complicated energy landscape as a func
of column configuration. The repulsive monopole interacti
within each column@first term of Eq.~2!# plays the role of
spoiler, being the only term that tries to reduce the thickn
of the columns and increase the tapering.
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We remind the reader that the expressions given in
section are for the bct internal column structure, and t
minor rescalings are needed to adapt these formulas to
case of the fcc structure.

IV. RESULTS

Figure 3 shows the ground-state column configurati
assuming a bct internal structure, for a sample of thickn
32 ~in units of the particle diameter!, with a volume fraction
of 1%. Each number shown is the number of particles in
chain at that location. Refer to Fig. 1~b! for this top-down
view of the bct structure. The figure shows that the low
energy bct configuration for a sample with 1% volume fra
tion and sample thickness 32 consists of precisely 9 cha
arranged in a square cross-sectional pattern, with each c
having the number of particles shown in the figu
~27,32,29, . . . !. In the bct structure the numbers must alte
nate between even and odd and they are bounded betwe
and the sample thickness. It should be emphasized tha
number of chains, their locations, and their lengths were
put in by hand, but were found by minimizing the energy
the method of simulated annealing, within the context of o
model, with the approximation as described in the preced
section.

Figure 4 is the bct ground state for a sample of thickn
64, with a volume fraction of 1%. In the cases of Figs. 3 a
4 we are confident that these are the exact ground s
within the context of our model. We reached this conclus
by repeating our runs many times with many initial stat

FIG. 3. Ground-state bct column structure for a volume fract
of 1% and a sample thickness of 32. Shown in a top-down explo
view are the numbers of particles in each chain which make up
column. Compare to Fig. 1~b!.

FIG. 4. Same as Fig. 3, but for a sample thickness of 64.
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The states of Figs. 3 and 4 were reached several dozen ti
but no lower energy configuration was ever encountered.
larger sample thicknesses~see below! the ground states ap
pear to be close approximations to the true ground sta
within the context of our model.

We first comment on some qualitative features of the c
figurations. Note the presence of facets as was suggeste
Lobkovsky and Halsey@24#. The cross section of the colum
appears to exhibit the symmetry of the underlying bct str
ture, as would be expected. The reason column facets h
not yet been seen experimentally may be an artifact of
model, or it may also be due to the effects of polydispers
thermal effects, and metastability, all of which would tend
round out the cross sections of the experimental colum
Further work is needed to clarify this issue.

We also note the presence of tapering, a manifestatio
the monopole-monopole interaction as discussed in the
ceding section. For example, in Fig. 4 none of the 9 chain
the interior is composed of fewer than 56 particles, but
out of 16 of the chains on the boundary consist of fewer th
56 particles.

Despite the presence of facets, which appeared in
ground states for all values of volume fraction and sam
thickness studied, note from Figs. 3 and 4 that the bct s
metry is broken, as the numbers shown are not invar
under reflection about a central horizontal axis or about
ther diagonal. Normally rotational invariance is broken dow
to a discrete subgroup through the formation of a perf
crystal. In this case, no remnant of rotational invariance
mains, which is highly unusual for a ground-state crystall
structure. The origin of the symmetry breaking can be sim
understood, however, as another manifestation of
monopole-monopole repulsion associated with the ends
the chains. As discussed in the preceding section, this en
term is reduced by staggering the positions of nearby end
much as possible.

A final interesting feature, which we do not fully unde
stand, is the presence of ‘‘ridges,’’ such as the central rid
in Fig. 4 in which all chains have the maximum number
particles allowed by the model. Similar ridges are seen in
our ground-state configurations at small volume fractio
They might be considered a precursor to the stripe or w
configurations seen at higher volume fraction.~See below.!
Apparently the monopole-monopole interaction energy
crease due to allowing the ends of the chains alongone plane
to be at approximately the same height is smaller than
decrease in the other energy terms which strive to maxim
the chain lengths along that plane. Further investigation
needed to better understand this feature.

We now turn to a more systematic analysis of the da
Figure 5 shows the binding energy per particle as a func
of sample thickness for a volume fraction of 1%. The bin
ing energy is defined as the negative of the energy@Eq. ~1!#
in Gaussian units, where the particle diameter and the dip
moment of each particle are taken as 1. Equivalently,
may consider the binding energy to have been normalized
dividing by half of the potential energy of two particles
contact, with their dipole moments aligned along the axis
separation. Both axes of Fig. 5~and all subsequent graphs!
are therefore dimensionless; the abscissa is the sample t
ness in units where the particle diameter is taken to be 1
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equivalently, the sample thickness divided by the parti
diameter. The main result of Fig. 5 is that the bct structur
consistently more stable than the fcc structure. The bind
energy grows logarithmically with sample thickness f
small thickness, and then begins to saturate at larger th
ness. The difference in energy between an infinite bct st
ture and an infinite fcc structure is approximately 3%@18#.
The values fort5256 differ by about 6%.

Figure 6 shows the binding energy versus volume fract
with the sample thickness fixed to 64. Note that both the
and bct binding energies decrease linearly with volume fr
tion. The decrease is associated with the monop
monopole interaction which, because it falls off only i
versely with distance~for distances much less than the cha

FIG. 5. Binding energy per particle versus sample thickness,
a volume fraction off50.01. Results are for the bct and fcc stru
tures, described in Sec. II.

FIG. 6. Binding energy per particle versus volume fraction,
a sample thickness of 64. Results are for the bct and fcc struct
described in Sec. II.
e
is
g

k-
c-

n
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-

e-

length!, plays a successively larger role the more tightly t
chains are packed. In Fig. 6 we see again that the bct st
ture is consistently more stable. Accordingly, as we are c
cerned with the approximate ground state of the dipolar flu
the rest of our results will focus solely on the bct structur

In Fig. 7, we plot the distance between nearest-neigh
columns versus sample thickness for volume fraction 1
The dependence is a power law, as has been found m
times experimentally and theoretically@1–4,12,5#. Unfortu-
nately the power does not appear to be universal but dep
on the dipolar system being considered. For our model
exponent is approximately 0.576 in the range of sam
thicknesses considered.

Figure 8 shows the thickness of the columns, defined
the square root of the number of chains, versus sample t

r

r
es

FIG. 7. Distance between nearest-neighbor columns ve
sample thickness, for a volume fraction off50.01.

FIG. 8. Column thickness versus sample thickness for a volu
fraction of f50.01.
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ness for volume fraction 1%. Again the dependence i
power law, and the power is essentially the same as in Fig
By Eq. ~8!, this implies that for fixed volume fraction, th
average chain length increases in proportion to the sam
thickness. The fact that the columns get thicker as the sam
thickness increases is easily understood in terms of the
creasing significance of the monopole-monopole interac
energy, which does not grow with the chain length. This
the only energy term which tends to decrease the colu
thickness. Thus as the sample thickness increases,
monopole-monopole interaction becomes relatively less
portant, and so the column thickness increases. The po
law dependence of column thickness on sample thicknes
similar to that obtained by Halsey and Toor in a continuu
model of ER fluid@12#. They obtained an exponent of 2/3

Figure 9 is a plot of the distance between neare
neighbor columns versus volume fraction for a sample thi
ness of 64. We see that the distance decreases with vo
fraction in an approximate power-law fashion.

Figure 10 shows the column thickness versus volu
fraction for a sample thickness of 64. We see little dep
dence for a small volume fraction. Together, Figs. 9 and
indicate that as more particles are added to the sample
lateral thickness of the columns stays relatively consta
while the distance between them decreases roughly asf21/2,
consistent with Eq.~8!. Significant deviations from this situ
ation appear as the volume fraction increases. As the vol
fraction exceeds 0.08, a phase transition to a stripe ph
occurs, as discussed below.

In Fig. 11, a semilogarithmic plot of the tapering fractio
versus sample thickness for volume fractionf50.01 is dis-
played. Tapering fractionf is defined as

f 512
Np

tNc
, ~9!

FIG. 9. Distance between nearest-neighbor columns versus
ume fraction for a sample thickness of 64.
a
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where Np and Nc are the number of particles and chain
respectively, which make up a column, andt is the sample
thickness. We see that the tapering fraction increases rou
logarithmically with sample thickness, starting out near ze
for the smallest columns associated with the smallest sam
thicknesses.

Figure 12 shows the tapering fraction versus volume fr
tion for a sample thickness of 64. The tapering fraction d
creases linearly as the volume fraction increases until,
volume fraction between 0.08 and 0.09, the tapering fract
appears to go abruptly to zero~or nearly so!, and we find an
apparentphase transition to a stripe state, as was predicted
earlier @4,17#. In this phase, ‘‘walls’’ rather than column
appears to be the ground-state structure. We inferred

FIG. 11. Tapering fraction versus sample thickness, for a v
ume fraction off50.01.

ol- FIG. 10. Column thickness versus volume fraction for a sam
thickness of 64.
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transition from the fact that, forf>0.09, if one transverse
dimension of the ‘‘column’’ was held fixed, the energy of th
structure continually decreased as the other transverse
mension was allowed to increase. No such behavior oc
for f<0.08. It should be kept in mind that in our model, lo
volume fraction and a periodic hexagonal structural patt
are assumed, and only the structure within each hexag
cell is determined by minimizing the energy. Therefore
can only estimate the location of the column to stripe ph
transition from the low volume-fraction side. A more acc
rate analysis of the transition to the stripe phase could
obtained by comparing energies obtained in our mode
energies obtained in a separate model whicha priori con-
structs a striped state.

Apparently there has been no conclusive experiment d
onstrating that the stripe phase of MR fluids is the grou
state at sufficiently high volume fraction. So-called ‘‘be
wall’’ or ‘‘labyrinthine’’ metastable structures are obtaine
without shear@14#, but these are believed to be metasta
states. With shearing, the stripe phase can be induced@25#,
and it does not dissipate when the shearing stops. The w
presented here provides some additional evidence that it
be the true ground state for a high volume fraction.

V. SUMMARY AND DISCUSSION

We examined the ground-state structure of a dipolar fl
film via a model which made the internal structure of t
columns accessible and involved no free parameters. W

FIG. 12. Tapering fraction versus volume fraction, for a sam
thickness of 64.
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the model involved several simplifications, making prec
comparison to present experiments difficult, columns invo
ing up to tens of thousands of particles were able to be c
sidered and several interesting phenomena were observe
was found that the bct structure was lower in energy tha
comparison fcc structure. With no polydispersity or therm
effects, columns were found to have an approximately squ
cross section and exhibit tapering. Yet reflection symmet
were found to be broken due to the monopole-monopole
teraction. Each ground-state column exhibited a cen
‘‘ridge,’’ which has not been satisfactorily understood.

Plots of energy, intercolumn distance, column thickne
and column tapering versus sample thickness and volu
fraction have been displayed and discussed. An ab
phase transition from a columnar to a stripe phase was
served at a volume fraction between 8% and 9%.

It is a fact that the ground-state columns of this theoreti
investigation were found to be significantly thicker than e
perimental columns of MR fluids~for corresponding sample
thicknesses! obtained by raising the external magnetic fie
very slowly to a high value, in order to approach an equil
rium state@2,3#. Although the reason may well have to d
with differences between our model and the experimen
system, we put forth another speculative suggestion h
first alluded to in the introductory section. Columns rep
each other at large distances and are able to coalesce on
short distances, even when coalescence is energeticall
vorable. For low volume fraction and large field, the pote
tial energy barrier for column aggregation may not be able
be overcome over laboratory time scales. In other words,
speculate that the column sizes seen in Refs.@2,3# may, un-
avoidably, not be representative of the equilibrium structu

We hope to reexamine many of the features of this p
liminary work in a more fundamental treatment of dipol
fluids to follow. At this point our most firmly establishe
result may be that despite numerous careful experiments
detailed calculations and simulations, our understanding
the structure of dipolar fluids is still in its infancy.

Note added.A preliminary version of this work was pre
sented at a meeting of the American Physical Society@Bull.
Am. Phys. Soc.43, 652 ~1998!#. Some overlapping result
were presented at the same session by P. Sheng@Bull. Am.
Phys. Soc.43, 652 ~1998!# and the latter were published i
Physical Review Letters@L. Zhou, W. Wen, and P. Sheng
Phys. Rev. Lett.81, 1509~1998!#.
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